Optimization of Multi Plate Friction Clutch for Maximum Torque Transmitting Capacity Using Uniform Wear Theory  by Agrawal, Animesh et al.
 Procedia Engineering  97 ( 2014 )  1089 – 1096 
Available online at www.sciencedirect.com
1877-7058 © 2014 Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/3.0/).
Selection and peer-review under responsibility of the Organizing Committee of GCMM 2014
doi: 10.1016/j.proeng.2014.12.387 
ScienceDirect
 
12th GLOBAL CONGRESS ON MANUFACTURING AND MANAGEMENT, GCMM 2014 
Optimization of Multi Plate Friction clutch for Maximum Torque 
Transmitting Capacity Using Uniform Wear Theory 
 
Animesh Agrawala,Ajay Kumar Vermaa, Siddharth Jaiswala, Ashutosh Pandeya, Pratik 
Pandyaa, Ayush Shuklaa, Dr. S.K. Dhagata 
aDepartments of Mechanical Engineering, SSITM, CSVTU, INDIA 
Abstract 
Optimization is the art of obtaining the best results under given circumstances. In design, construction and maintenance of any 
engineering system, the ultimate goal is either to minimize the effort required or to maximize the desired benefits. The various 
processes of optimization come under the subject Operation Research (O.R.). O.R. one of the branch of mathematics which is 
concerned which the application of scientific methods and techniques to design making problems and establishing optimal situations. 
In this project we aim to find the optimum design of a multi disc friction clutch through operations research techniques. The two 
methods used are stochastic programming and geometric programming. 
The existing design procedure treats design variables as deterministic ones. In actual practice due to manufacturing tolerances 
etc. design variables do not remain deterministic but become probabilistic. The probabilistic nature of these should be given 
proper consideration while designing. This project deals with an approach which takes into account the probabilistic nature of 
designs variables, as well as probability of satisfying constraint equations. Stochastic signomial geometric programming has been 
used for optimization. 
 In this paper we aimed to solve the optimized result for the multi plate friction clutch using the uniform wear theory 
and obtained the optimum result of the inner radius and outer radius of the multi disc friction clutch.[7] 
 
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Organizing Committee of GCMM 2014. 
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1. Introduction 
In this paper aim is to find the optimum design of a friction clutch through operations research techniques. The two 
methods used are “Stochastic Programming and Geometric programming”. 
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Stochastic or probabilities programming deals with situations where some or all the parameters of the optimization 
problems are described by stochastic (random or probabilistic) variable rather than by deterministic quantities. For 
instance, in the design of mechanical systems, the actual dimensions of any machine part has to be taken as a 
random variable since the dimension may lie anywhere within a specified (permissible) tolerance limit, stochastic 
programming thus, change a probabilistic problem to deterministic one. This deterministic form of a problem is 
called a primal problem which is converted into a dual and solved by the geometric programming method 
Nomenclature 
R outer radius of friction clutch 
r  inner radius of  friction clutch 
ߤ co-efficient of friction 
݌௔          intensity of pressure 
n  number of friction surfaces 
 
1.1. Structure 
When some of the parameters involved in the objective function and constraints vary about their mean values, a 
general optimization problem has to be formulated as a stochastic nonlinear programming problem. Assuming that 
all the random variables are independent and follow normal distribution, a stochastic nonlinear programming 
problem can be stated in standard form as: [1] 
Find X which minimizes f(Y)   
Subject to  
ܲൣ݃௝ሺܻሻ ൒ Ͳ൧ ൒ ݌௝ǡ ݆ ൌ ͳǡ ʹǡ ǥǥǥǥ݉ሺͳሻ 
Where Y is the vector of N random variables y1,y2,…………….yN and it includes the decision variables 
ݔଵǡ ݔଶ ǥǥǥ Ǥ ݔ௡. The case when X is deterministic can be obtained as a special case of the present formulation. 
Objective function -  
݂ሺܻሻ ؆ ൫ܻ൯ െ෍൬߲݂߲ݕ௜
ฬǤ ݆
ܻ
൰
ே
௜ୀଵ
ݕ௜ ൅෍൬
߲݂
߲ݕ௜
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ܻ
൰ ݕ௜ ൌ ߮ሺܻሻ
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ሺʹሻ 
Further if Yi(i = 1, 2, 3, …..n) follows a normal distribution Q(Y), Q(Y) also being a linear function of Y following 
a normal distribution, then the mean and variance of Q(V) will be 
߮ ൌ ߮൫ܻ൯ሺ͵ሻ 
And  
ܸܽݎሺ߮ሻ ൌ ߪఝଶ ൌ ෍൬
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൰
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௡
௜ୀଵ
ሺͶሻ 
Since all ݕ௜  are independent. For the purpose of optimization a new objective function F(Y) can be constructed as 
ܨሺܻሻ ൌ ݇ଵ߮ ൅݇ଶߪఝሺͷሻ 
Where ݇ଵ ൒ Ͳܽ݊݀݇ଶ ൒ Ͳ and their numerical values indicate the relative importance of ߮  and ߪఝ  for 
minimization. 
Where ݇ଵand ݇ଶ are constant having values ൒  0, ݇ଶ ൌ ߶  indicates that the expected values of F(Y) is to be 
minimized ignoring the standard deviation. On the other hand ݇ଵ ൌ Ͳ indicates that one is interested in minimizing 
the variety of F(Y) about its mean value without bothering about the mean value of F(Y) ݇ଵ ൌ ݇ଶ ൌ ͳ indicates that 
equal importance is given to the minimization of the mean as well as standard deviation  
Taking ݇ଵ ൌ ݇ଶ ൌ ͳ 
ܨሺܻሻ ൌ ߮ ൅ߪఝሺ͸ሻ 
1091 Animesh Agrawal et al. /  Procedia Engineering  97 ( 2014 )  1089 – 1096 
1.2. Conversion of probabilistic constraints into an equivalent deterministic form: 
If some parameters are random in nature the constraints will also be probabilistic and one would like to have the 
probability that a given constraint is satisfied to be greater than a certain value. The constraints inequality can be 
written as 
׬ ௚݂ೕሺ݃௝ሻ݀
ஶ
଴ ݃௝ ൒ ݌௝         
Where ௚݂ೕሺ݃௝ሻ is the probability density function of the random variable gj (a function of several random variables is 
also a random variable) whose range is assumed to be െ∞ݐ݋∞. The constraint function gj(Y) can be expanded 
around the vector of mean values of the random variables,ܻ as 
݃௝ሺܻሻ ؆ ݃௝൫ܻ൯ ൅෍൬
߲݂
߲ݕ௜
ฬǤ ݆
ܻ
൰ ሺݕ௜ െ ݕ௜ሻ
ே
௜ୀଵ
ሺ͹ሻ 
݃௝ can be obtained as  
݃௝ ൌ ݃௝൫ܻ൯ሺͺሻ
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ሺͻሻ 
 
If ׎௝൫݌௝൯  is standard normal variate corresponding to probability݌௝, then using equations 
݃௝ െ ׎௝൫݌௝൯ ൌ  ൥෍ቆ
߲݃௝
߲ݕ௜
ฬǤ ݆
ܻ
ቇ
ଶ
ߪ௬೔ଶ
ே
௜ୀଵ
൩
ଵ
ଶ
൒ Ͳǡ ݆ ൌ ͳǡ ʹǥǥ Ǥ݉ሺͳͲሻ 
Thus the equivalent deterministic problem is to minimize F(Y) satisfying constraint equation. 
Application: design of finite friction clutch for maximum torque transmitting capacity: 
Problem statement: 
The maximum torque which can be transmitted by the friction clutch for uniform pressure theory is given by 
௠ܶ௔௫ ൌ ݊ߨߤ݌௔ݎሺܴଶ െ ݎଶሻሺͳͳሻ 
Where ܴ௢ and ܴ௜ are external and internal radius respectively 
The objective function, F1 can be defined as [7] 
	ͳ ൌ  ൬ ͳ୫ୟ୶
൰ ൌ  ͳ݊ߨߤ݌௔ݎሺܴଶ െ ݎଶሻ
ሺͳʹሻ 
Constraints 
The maximum torque transmitting capacity can be obtained only when the ratio of the inner to outer radius is equal to 
0.577. 
ݎ
ܴ ൑ ͲǤͷ͹͹ 
To avoid the minimum torque transmitting capacity the actual ration of the inner and outer radius must be less than the 
permissible values, i.e. 
݃௝ ൌ 
ݎ
ͲǤͷ͹͹ܴ ൑ ͳሺͳ͵ሻ 
The problem now is to minimize objective function given by equation (12) satisfying constraint equation (13) 
If the design parameters ܴ and ݎ are taken as random variables because of manufacturing tolerances etc, their values will 
fluctuate about mean values. If these random variables follow normal distribution and the mean values and standard 
deviation are R and r and ߪோ and ߪ௥ then the new objective function in deterministic form is given by equation (5) as 
ܨௗ ൌ ܨଵ ൅ ቎෍ቆ
߲ܨଵ
߲ ௝ܴ
ቇ
௡
௜ୀଵ
ଶ
ߪோ௝ଶ ቏
ଵ
ଶ
ሺͳͶሻ 
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If the constraint equation gj is satisfied with a probability pj if the normal variate for probability pj is given ׎௝൫݌௝൯ 
then, the new constraint equation in deterministic form is given in equation as  
݃௝ െ ׎௝൫݌௝൯ ቎෍ቆ
߲݃௝
߲ ௝ܴ
ቇ
௡
௜ୀଵ
ଶ
ߪோ௝ଶ ቏
ଵ
ଶ
ሺͳͷሻ 
Finally problem reduces to minimize the objective function given by equation (14) satisfying constraint equation 
(15). 
Figure. 1 single plate clutch 
 
2. Illustrations 
To design the multi plate friction clutch for maximum torque transmitting capacity, given: [14] 
ߤ ൌ ͲǤ͵ǡ ݊ ൌ ʹǡ ݌ ൌ ͲǤ͵ͷȀଶ݋ݎͲǤ͵ͷ ൈ ͳͲ଺Ȁଶ 
Solution: 
On substituting the assumed data in equation (12) 
ܨଵ ൌ 
ͳ
ʹ ൈ ͲǤ͵ ൈ ߨ ൈ ͲǤ͵ͷ ൈ ͳͲ଺ ൈ ݎሺܴଶ െ ݎଶሻ ൌ 
ͳǤͷͳͷ͹ ൈ ͳͲି଺
ሺܴଶݎ െ ݎଷሻ  
If the design parameters ܦ and ݀ are taken as random variables following normal distribution and the standard 
deviations are ߪ஽ = 0.01ܦ and ߪௗ = 0.01݀ respectively, then the new objective function in deterministic form, from 
equation is 
ܨௗ ൌ ቊ
ͳǤͷͳͷ͹ ൈ ͳͲି଺
ሺܴଶݎ െ ݎଷሻ ቋ ൅ ቊെ
ͲǤͲ͵Ͳ͵ͳͶ ൈ ͳͲି଺ܴଶݎ
ሺܴଶݎ െ ݎଷሻଶ ቋ ൅ቊ
ͳǤͷͳͷ͹ ൈ ͳͲି଼ሺܴଶݎ െ ݎଷሻ
ሺܴଶݎ െ ݎଷሻଶ ቋ 
ܨௗ ൌ
ͳǤͷͲͲͷͶ ൈ ͳͲି଺
ሺܴଶݎ െ ݎଷሻ ሺͳ͸ሻ 
2.1. On substituting assumed data in equation: 
݃௝ ൌ 
ͳǤ͹͵͵ͳݎ
ܴ ሺͳ͹ሻ 
If the constraint equation is satisfied with a probability of 99.99%, then for Pj = 99.99% the normal variate ׎௝൫݌௝൯ from 
table is 5. Using equation (15) the constraint equation in deterministic form is 
݃௝݀ ൌ ͳǤ͹͵͵ͳ
ݎ
ܴ െ ͲǤͲͺ͸͸ͷͷܴ ൑ ͳሺͳͺሻ 
Hence the problem reduces to minimize objective function given by equation (17) satisfying constraint equation (18). 
If the torsion is only considered as active constraint then the degree of difficulty will be zero. Applying signomial 
geometric programming the normality and orthogonality condition give. 
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ߣ଴ଵ ൌ ͳ 
െʹߣ଴ଵ െ ߣଵଵ െ ߣଵଶ ൌ Ͳ 
ʹߣ଴ଵ ൅ ߣଵଵ ൌ Ͳ 
 Solving which gives 
ߣ଴ଵ ൌ ͳ, ߣଵଵ ൌ െʹǡ ߣଵଶ ൌ Ͳ 
ሺɉሻൌ ൤ͲͳɉͲͳ
ൈɉͲͳ൨
ɉͲͳ
ൈ ൤ͳͳɉͳͳ
ൈሺɉͳͳ൅ɉͳʹሻ൨
ɉͳͳ
ൈ ൤ͳʹɉͳʹ
ൈሺɉͳʹ൅ɉͳͳሻ൨
ɉͳʹ
 
Where C01, C11 and C12 are coefficients of the terms of objective function and constraint equation in equivalent 
deterministic forms i.e., ܥ଴ଵ ൌ ͳǤʹͲͲͲͶ͹͸ ൈ ͳͲିହǡ ܥଵଵ ൌ ͳǤ͹͵͵ͳǡ ܥଵଶ ൌ ͲǤͲͺ͸͸ͷͷ 
Hence  
ݒሺߣሻ ൌ  ቈͳǤͷͲͲͷͶ ൈ ͳͲ
ି଺
ͳ ሺͳሻ቉
ଵ
ൈ ൤ͳǤ͹͵͵ͳെʹ ሺെʹ ൅ Ͳሻ൨
ିଶ
ሾͲǤͲͺ͸͸ͷͷሿ૙ 
ݒሺߣሻ ൌ ͶǤͻͻͷ͹ ൈ ͳͲି଻ ൌ ݔ଴כ 
ߣଵଶ
ߣଵଶ
ൌ ܥଵଶሺݔଵכሻ௔భభమሺݔଶכሻ௔భమమሺݔଷכሻ௔భయమ 
ͳ ൌ ͲǤͲͺ͸͸ͷͷ ൈ ሺݔଵכሻିଵሺݔଶכሻ଴ 
ݔଵכ ൌ ͲǤͲͺ͸͸ͷͷ ൌ  ൌ ͺ͸Ǥ͸ͷͷ 
ɉ଴ଵכ ൌ 
଴ଵሺݔଵכሻୟబభభభሺݔଶכሻୟబమభ
ݔ଴כ
 
ͳ ൌ ͳǤͷͲͲͷͶ ൈ ͳͲ
ି଺ ൈ ሺͲǤͲͺ͸͸ͷͷሻିଶሺݔଶכሻଶ
ͶǤͻͻͷ͹ ൈ ͳͲି଻  
ݔଶכ = 0.0499m = r = 49.99 mm 
 
3. RESULT: 
The different parameter can be selected to calculate objective function.  
1. First the number of friction surfaces are chosen for 1, 2, ,3, 4 and 5 for the same value of pressure intensity 
and coefficient of friction and generate the graph between the friction surfaces and the objective function 
[F1 = Tmax][14] 
2. Second generate the graph for different values of coefficient of friction and pressure intensity and number 
of friction surfaces will remain same and calculate the objective function. 
3. Third generate the graph for different values of pressure intensity and number of friction surfaces and the 
coefficient of friction will remain same and calculate the objective function. 
Table 1 By varying the value of number of friction surfaces (n) 
 
TORQUE FRICTION 
SURFACES(n) 
82.616 1 
165.233 2 
247.850 3 
330.466 4 
413.083 5 
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Table 2. By varying the value of coefficient of frictionሺߤሻ 
 
     .TORQUE COEFFICIENT 
OF FRICTION 
55.077 0.1 
110.155 0.2 
165.233 0.3 
220.311 0.4 
275.388 0.5 
 
Table 3. By varying the value of intensity of pressureሺ݌௔ሻ 
TORQUE INTENSITY OF 
PRESSURE 
118.023 0.25 
141.628 0.3 
165.233 0.35 
188.883 0.4 
212.442 0.45 
118.023 0.25 
 
  
 
 
 
 
Fig.1. By varying the value of number of friction surfaces (n) 
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Fig.2. By varying the value of coefficient of frictionሺߤሻ 
 
 
 
 Fig.3. By varying the value of intensity of pressureሺ݌௔ሻ 
 
  
 
0
0.1
0.2
0.3
0.4
0.5
0.6
0 50 100 150 200 250 300
Co
-e
ffi
cie
nt
 o
f f
ric
tio
n 
Torque 
Chart between torque and co-efficient of friction 
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
0 50 100 150 200 250
In
te
ns
ity
 o
f p
re
ss
ur
e 
Torque 
Chart between number of friction surfaces and torque 
1096   Animesh Agrawal et al. /  Procedia Engineering  97 ( 2014 )  1089 – 1096 
4. Conclusion  
  The objective function was again calculated by the variation in the following ways:- 
1. By the variation in the value of number of friction surfaces (n). 
2. By the variation in the value of coefficient of friction (ߤ). 
3. By the variation in the value of intensity of pressure applied (pa) 
The representative charts are shown in charts (1, 2 & 3) the advantages of these charts are that one can read the 
value of objective function for any specified coefficient of friction or number of friction surfaces or intensity of 
the pressure. Similar charts can be prepared using the variation of the other parameters. These charts can be 
used for the design purpose so as to reduce the magnitude of the objective function by applying external 
agencies and by this method obviously we can improve the quality and life of the friction clutch for these above 
parameters. 
In the present work a numerical example has been solved, but this method can also be applied to any practical 
clutch if the information about the required data is available. 
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